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We provide an experimental study of the relationship between the action of different classical noises on the
dephasing dynamics of a two-level system and the non-Markovianity of the quantum dynamics. The two-level
system is encoded in the photonic polarization degrees of freedom and the action of the noise is obtained via a
spatial light modulator, thus allowing for an easy engineering of different random environments. The quantum
non-Markovianity of the dynamics driven by classical Markovian and non-Markovian noise, both Gaussian and
non-Gaussian, is studied by means of the trace distance. Our study clearly shows the different nature of the
notion of non-Markovian classical process and non-Markovian quantum dynamics.
I. INTRODUCTION
The characterization of quantum non-Markovian
processes has recently attracted a lot of attention:
besides its conceptual interest it might open the
way to obtain improved performances in quantum
thermodynamics [1], higher sensitivities in quantum
metrology [2, 3] and techniques for complex quan-
tum systems probing [4]. A natural and intriguing
question is the relationship between the proposed
notions of quantum non-Markovian dynamics (see
[5–7] for reviews) and the classical notion of memo-
ryless or Markovian process. This parallel has been
the object of different theoretical studies [8–13] and
has indeed provided the motivation for one of the
first approaches to the problem [14].
In this paper we address this question from a new
viewpoint, relying on the experimental realization
of quantum dynamics depending on a classical ran-
dom processes. In such a way we relate a classical
input with a quantum output and investigate the fea-
tures of the latter with respect to the former. To this
aim we need to generate a wide variety of classi-
cal processes with known features. We perform this
task by obtaining such stochastic processes as solu-
tion of suitable stochastic differential equations, so
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that we can obtain both Gaussian and non-Gaussian,
Markovian and non-Markovian classical processes.
The experimental implementation is based on a
quantum optics setup which allows to engineer in
a controlled way a dephasing dynamics determined
by a classical stochastic process, which affects the
polarization degrees of freedom of photons. A suit-
able configuration allows to address in parallel a
high number of realizations of the process, and av-
erage them automatically in the detection stage.
The paper is organized as follows. In Sect. II we
introduce the model of the system and the environ-
ment used to relate a classical input with a quantum
output. In Sect. III we discuss how to generate clas-
sical noises with known features. We introduce the
experimental setup in Sect. IV and discuss the ob-
tained results in Sect. V. We draw our conclusions
and final remarks in Sect. VI.
II. THE MODEL
A. Evolution map
In order to investigate by means of experiment
how the different hallmarks of classical noise, such
as being Gaussian or Markovian, affect the features
of a quantum dynamics, especially in view of the
property of non-Markovianity, we consider the fol-
lowing simple but versatile model. The Hamiltonian
describing the time evolution of the system is given
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H(t) = X(t)~ω0σz, (1)
where X(t) denotes a classical stochastic process
with independent increments, describing the effect
of the environmental noise on the two-level system
of interest, and ω0 denotes the natural energy split-
ting of the two-level system, fixing scale and dimen-
sions. The time evolution operator determining the
effect of each single realization of the noise reads
U(t, 0) = e−iω0σz
∫ t
0
dτX(τ),
so that upon averaging over the environmental influ-
ence one obtains for the reduced system dynamics
ρS(t) = Λ(t)[ρS(0)]
= E[U(t, 0)ρS(0)U(t, 0)
†],
where E[·] denotes the expectation value over the
sample space of the noise. We are interested in in-
vestigating the behavior of ρS(t) in its dependence
from the noise X(t).
To this aim we denote by
X (t) =
∫ t
0
dτX(τ) (2)
the integral over time of the stochastic process, lead-
ing to U(t, 0) = diag(e−iω0X (t), e+iω0X (t)), so that
the reduced system dynamics is fully captured by
the transformation of the off-diagonal matrix ele-
ment
ρ10S (0)
t−→ ρ10S (0)E[exp(−2iω0X (t))]. (3)
This simple description allows for a high experi-
mental freedom in the implementation of the envi-
ronmental noises and a unique characterization of
non-Markovianity of the ensuing quantum dynam-
ics. Indeed the evolution corresponds to a pure
dephasing dynamics, for which all definitions of
quantum non-Markovianity coincide [5–7], so that
a clearcut signature of quantum memory effects can
be provided. In such a way the considered model
well serves the purpose of exploring the effects of
different classical noises on a quantum dynamics.
B. Features of quantum dynamics
The signature of the quantum dynamics that we
want to address, in its dependence on the noise de-
scribing the effect of the environment, is its non-
Markovianity. In the considered model, once we
fix the noise acting in the Hamiltonian, we obtain
a quantum dynamics which, while being given by
a unitary transformation for each fixed realization
of the noise, provides a time dependent collection
of completely positive trace preserving maps upon
averaging over the noise. This collection of maps
describes a stochastic quantum dynamics, which
would generally arise as a consequence of the in-
teraction with a suitable quantum environment. In-
deed, as it has been recently considered, any clas-
sical average can be seen to arise from a micro-
scopic description with ancillary quantum degrees
of freedom initialized in a classical state [15]. In
this respect the obtained dynamics provides a well-
defined reduced quantum dynamics, whose features
can be studied in view of the relationship between
the properties of the input noise and the features of
the output maps. As a figure of merit we will con-
sider the non-Markovianity of the ensuing quantum
dynamics as characterized by the behavior in time
of the trace distance between two initially distinct
system states. This viewpoint was first introduced
in [16, 17] and connected to a notion of informa-
tion exchange between system and environment. In
particular, it is important to stress that this phys-
ical intuition remains confirmed even if the map,
as in this case, is obtained upon averaging with re-
spect to a classical label. This is an important issue,
which has been the object of different investigations
[15, 18, 19]. For the present simple model, as al-
ready stressed, essentially all proposed definitions
of non-Markovianity coincide [6] since the dynam-
ics is captured by the transformation Eq. (3). The
natural quantifier of non-Markovianity for this class
of models is therefore the behavior of the quantity
D[{X(t)}] = |E[exp(−2iω0X (t))]|, (4)
which describes the dephasing effect of the environ-
mental noise on the system dynamics. In the trace
distance formalism this estimator is obtained con-
sidering a pair of states which maximize the pos-
sible revivals of the considered quantity. A mono-
3tonic decrease in time of this quantity corresponds
to a Markovian dynamics, while a non-Markovian
dynamics is obtained if revivals in time appear.
III. CLASSICAL NOISE GENERATION
In considering classical stochastic processes, two
classes stand out in their relevance for applications
and theoretical treatments, namely Gaussian and
Markovian processes. In both cases a relatively sim-
ple description applies, at variance with the case of
a generic process. As a matter of fact, while in
the general case a description of the process calls
for knowledge of all its correlation functions, fix-
ing the probability for given outcomes of the ran-
dom variable at given times, in the case of Gaus-
sian and Markovian processes a drastic simplifica-
tion applies. A Gaussian process is in fact fixed by
first and second moments only, while a Markovian
process is determined by initial probability distribu-
tion and transition probability [20]. It is therefore
of interest to explore the effect of noise on a quan-
tum dynamics classifying the classical noises with
respect to these two distinctive features.
To the aim of generating in a simple way these
different type of noises we consider as starting point
two Markovian processes whose realizations can be
easily simulated. Our starting tools are therefore
Wiener and random telegraph noise, both Marko-
vian: Gaussian the former, non-Gaussian the latter.
Stochastic processes X(t) with different features to
be used in the dynamics given by Eq. (1) will be
obtained as solution of stochastic differential equa-
tions with different input noises.
As Markovian Gaussian process we will consider
a Ornstein-Uhlenbeck processXOU(t) with friction
coefficient γ and diffusion constant σ, which can be
obtained as solution of a linear stochastic differen-
tial equation driven by Wiener noise. We will fur-
ther denote as XRTN(t) a random telegraph noise
with switching rate γ and step one, whose realiza-
tions therefore jump from plus to minus one accord-
ing to a Poisson process with rate γ. Such a pro-
cess is still Markovian, but its probability density is
not in Gaussian form. Using the realization of these
processes as input noise we can obtain noises with
different features.
Let us first consider the equation
dY (t) = −κY (t) dt +dXOU(t), (5)
with κ a positive rate. The process Y (t) is still
Gaussian due to linearity of the equation but non-
Markovian, since its determination requires the
knowledge of XOU(t) up to time t [21, 22]. Using
the same strategy we can obtain the increments of
a process which is neither Gaussian nor Markovian
considering the stochastic differential equation
dZ(t) = −µZ(t) dt +dXRTN(t), (6)
with µ a positive rate. Using as seeds Wiener and
random telegraph noise we are thus able to gener-
ate, via the stochastic differential equations given
by Eq. (5) and Eq. (6), increments of stochastic pro-
cesses which share or lack the distinct features of
Gaussianity and Markovianity according to the cor-
responding well established classical definitions.
In order to estimate the effect of the different
noises on the dynamics we further need to evaluate
the expectation value of the integral over time of the
considered noise, defined as in Eq. (3). The analytic
evaluation of this quantity is only feasible in spe-
cial cases. For the case of the Ornstein-Uhlenbeck
process we define
XOU(t) ≡
∫ t
0
dτXOU(τ), (7)
and exploiting Gaussianity one obtains for the quan-
tity determining the dephasing of the two-level sys-
tem
D[{XOU(t)}] ≡ |E[exp(−2iω0XOU(t))]|
= exp
(
−ω
2
0σ
2
γ3
(2γt− 3− e−2γt + 4e−γt)
)
,
(8)
where γ and σ denote respectively friction and dif-
fusion coefficient of the process.
For the case of random telegraph noise, defining
on the same footing
XRTN(t) ≡
∫ t
0
dτXRTN(τ), (9)
4one can show that the dephasing factor takes the
form [23]
D[{XRTN(t)}] ≡ |E[exp(−2iω0XRTN(t))]|
= e−γt
[
cosh(νt) +
γ
ν
sinh(νt)
]
, (10)
with ν =
√
γ2 − 4ω20 . These explicit expressions
allow to estimate the dephasing factor of Eq. (4)
and study its monotonicity properties as a func-
tion of time. As we discuss in Sect. V these es-
timates are indeed confirmed by the experimental
results, and validate the theoretical analysis. It ap-
pears in particular that while the dephasing due to
Ornstein-Uhlenbeck noise D[{XOU(t)}] is a de-
creasing function of time for any value of γ and
σ, the contribution corresponding to the random
telegraph noise D[{XRTN(t)}] can also exhibit an
oscillating behavior [24]. Note that both pro-
cesses are examples of Markovian colored noise and
have an exponentially decaying correlation func-
tion, namely [20]
E[XOU(t)XOU(s)] =
σ2
2γ
exp(−γ|t− s|)
and
E[XRTN(t)XRTN(s)] = exp(−2γ|t− s|).
In order to consider a classical non-Markovian pro-
cess, still retaining the property of Gaussianity, we
refer to Eq. (5). The relevant quantity is again
D[{Y (t)}], which can be evaluated exploiting the
fact that Y (t) is again Gaussian and relying on the
properties of the Ornstein-Uhlenbeck process. The
result reads
D[{Y (t)}] = |E[exp(−2iω0Y(t))]| (11)
= exp
{
−ω20σ2
(γ − κ)2 − (γe−κt − κe−γt)2 + γκ(2e−(γ+κ)t − e−2γt − e−2κt)
γκ(γ − κ)2(γ + κ)
}
,
where according to Eq. (7) and (9) we have de-
noted the integrated process as Y(t) ≡ ∫ t
0
dτY (τ).
The dephasing factor shows a monotonic decay-
ing behavior for all possible values of the con-
stants γ and κ, friction coefficient of the Ornstein-
Uhlenbeck and rate appearing in the stochastic dif-
ferential equation Eq. (5) respectively.
The last process that we will consider is the so-
lution of Eq. (6), which is neither Gaussian nor
Markovian due to the fact that the driving noise is
colored and non-Gaussian. The evaluation of the
corresponding dephasing factor
D[{Z(t)}] = |E[exp(−2iω0Z(t))]|, (12)
with Z(t) ≡ ∫ t
0
dτZ(τ), calls for a numerical eval-
uation since we can no more exploit the important
simplification in the evaluation of the characteristic
function warranted for Gaussian processes. In par-
ticular, as confirmed by the experiment, it appears
that depending on the parameter values also in this
case an oscillating behavior can show up. It thus
appears that in this context non-Markovianity of the
quantum dynamics appears when the relevant clas-
sical process is non-Gaussian, rather then being re-
lated to a lack of the Markov property.
In various theoretical papers and experimental
implementations [25] it has been shown that the
appearance of quantum non-Markovianity in situ-
ations in which the environmental interaction can
be characterized by a spectral density is typically
related to a non-trivial peak structure of the rele-
vant frequency spectrum. In this respect it is natural
to investigate also in the present framework the re-
lationship between spectral properties of the noise
and features of the quantum dynamics. For both
Ornstein-Uhlenbeck and random telegraph noise the
spectrum has a Lorentzian shape centered in zero,
corresponding to the exponential decay of the two-
time correlation function. The correlation function
of the process Y (t) takes instead the form
5E[Y (t)Y (s)] =
(
σ
γ − ν
)2 {γ
2
(e−γ|t−s| − e−γ(t+s)) + ν
2
(e−ν|t−s| − e−ν(t+s))
+
γν
γ + ν
(e−νt−γs + e−γt−νs − e−ν|t−s| − e−γ|t−s|)
}
Figure 1. Spectrum of the process Z(t) obtained by the
numerical evaluation of the stochastic differential equa-
tion Eq. (6) for the case µ = 0.5 (red line) and µ = 1
(blu line). The coefficient γ characterizing the RTN is set
to 0.5.
The process is only asymptotic stationary, with as-
sociated power spectrum
S(ω) =
σ2
2pi
ω2
(γ2 + ω2)(κ2 + ω2)
(13)
featuring a double-peaked structure and a dip at
small frequencies. The same feature is shared by
the spectrum of the process Z(t) arising as solution
of Eq. (6), which can be evaluated numerically and
is shown in Fig. 1.
Despite the non trivial structure of the power
spectrum, as follows from Eq. (11) the trace dis-
tance still exhibits a monotonically decaying behav-
ior, reflecting a Markovian dynamics, for the Y (t)
process, while oscillations may be present for the
Z(t) process. It therefore appears that in this con-
text the correlation function of the classical process
and the associated power spectrum does not embody
the relevant information in characterizing the mem-
ory properties of the quantum dynamics.
IV. EXPERIMENTAL IMPLEMENTATION
The effect of a classical noise on a quantum de-
phasing dynamics can be experimentally investi-
gated in a quantum optics setup. To this aim we
encode the quantum degrees of freedom in the po-
larization state of photons and let the noise affect
the phase information. Efficiently generating and
averaging over the different realizations of the noise
provides the major obstacle in order to experimen-
tally study the effect of classical disturbance on a
quantum dynamics. This difficulty can be overcome
by exploiting a recently realized all-optical quan-
tum simulator [26]. This apparatus allows to obtain
many realizations of the considered stochastic pro-
cess in parallel and directly averages over them at
the detection stage. While details of the experimen-
tal setup have been given in [4, 26], we will here
provide the logical scheme of the apparatus, rep-
resented in Fig. 2. The core of the apparatus is a
spatial light modulator (SLM) placed in the Fourier
plane between the two lenses L1 and L2 of the 4F
system. The SLM is a 1D liquid crystal mask (640
pixels, 100 µ m/pixel) used to introduce a differ-
ent phase (externally controlled by the computer) to
each pixel, implementing the simulation of the dy-
namical map. This device thus imprints different
phases depending on the position and on the polar-
ization state of the incoming photon. In the experi-
mental device photons are generated by parametric
down-conversion and a suitable grating provides a
spatial separation of the different frequency com-
ponents. The SLM acts differently on the different
spectral components, thanks to their spatial separa-
6Figure 2. Schematic diagram of our apparatus. A couple
of frequency-entangled photons is generated via paramet-
ric down-conversion (PDC) through a BBO crystal, us-
ing a 405.5nm laser diode as pump. One photon is sent
via a multi-mode fiber (MMF) to the single-photon detec-
tor D2. The other is sent through a single-spatial-mode
and polarization preserving fiber (SMF) to the 4F system
(composed by two diffraction gratings G1-G2 and two
lenses L1-L2). The initial state of the photon is prepared
by the half-wave plate H1. T is the tomographic appara-
tus, made of a quarter-wave plate, a half-wave plate and a
polarizer. The photon is then sent through a MMF to the
single-photon detector D1. Finally, an electronic device
measures the coincidence counts (CC) and sends them to
the computer (PC).
tion, and thus allows to encode in parallel different
realizations of the noise. This experimental setup
further allows to perform the average over the real-
izations of the noise by collecting the different spa-
tial components through the lens L2 and the grating
G2 into a multi-mode fiber (MMF). The detection
stage is in fact performed after recollecting the sig-
nal via the MMF, so that one averages over the spec-
tral components and therefore the different realiza-
tions of the noise. We observe that the parametric
down-conversion (PDC) spectrum is selected by the
limited width of the H1 plate mount. For this rea-
son we are limited to use n = 100 out of the 640
pixel available on the SLM (which corresponds to
100 realizations in parallel of the noise).
As shown in the logical scheme Fig. 3 this simple
experimental setting nicely reproduces the frame-
work considered in [15], namely the description of
the overall reduced dynamics arising as a mixture of
Figure 3. Logical scheme of the experimental setting. The
preparation stage involves generation of the photons and
spatial separation of the different spectral components
via a grating. The dynamical stage involves interaction
with different regions of the SLM, imprinting different
phases depending on the realization of the noise associ-
ated to the region, corresponding to a Hamiltonian inter-
action UX(ξ)(t) with a fixed noise realization. The detec-
tion stage involves recombination of the different spectral
components by means of a MMF and a final photon de-
tection.
Markovian dynamics. In the present case in particu-
lar the system dynamics which get mixed are given
by unitary maps UX(ξ)(t), each characterized by a
single realization of the stochastic process. In the
experimental realization of the scheme it clearly ap-
pears how non-Markovianity arises because of the
presence of degrees of freedom dynamically cou-
pled to the observed ones and later averaged over.
V. EFFECT OF NOISE ON THE QUANTUM
DYNAMICS
We here report about the experimental results for
the realizations of the different kind of noises con-
sidered in Sec. III, using the apparatus described in
Sec. IV. In order to generate the different noises we
have numerically solved the stochastic differential
equations considered in Sec. III. The obtained val-
ues have been passed over to the SLM so as to affect
the phase of the photons according to the dynamics
given by Eq. (1).
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Figure 4. Behavior of the quantum non-Markovianity
quantifier D defined in Eq. (4) for the case of classical
Markovian processes. In panel (a) we consider the Gaus-
sian Ornstein-Uhlenbeck process XOU with γ = 0.1 and
σ = 0.63; in panel (b) we consider the non-Gaussian but
still Markovian random telegraph noise process XRTN
with γ = 0.1. Blu dots represent the experimental data
and the red line is the analytic solution. The green dashed
line is the average of 100 simulated curves, each obtained
with 100 realizations of the noise. The dashed areas corre-
spond to the 1σ (darker) and 2σ (lighter) interval around
the averaged coherence and σ is the standard deviation of
the sampled curves. In the first case (a) the quantum dy-
namics does exhibit a Markovian behavior, corresponding
to a monotonic decrease of coherence, while for the RTN
(b) the resulting quantum dynamics is non-Markovian.
The values obtained in correspondence to the dif-
ferent realizations have been encoded in different
regions of the SLM, thus allowing for an easy im-
plementation of the average as depicted in the log-
ical scheme Fig. 3. Given that the aim of the work
is the comparison between non-Markovianity of the
quantum dynamics and the features of the classical
noise, for each kind of noise we have studied the
behavior of the trace distance as a function of time.
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Figure 5. Same non-Markovianity quantifierD shown in
Fig. 4 for the case of classical non-Markovian processes.
In panel (a) we consider the Gaussian but non-Markovian
processes Y (t) with k = 1; in panel (b) we consider
the non-Gaussian and non-Markovian process Z(t) with
µ = 1; in panel (c) we consider the same process Z(t)
with µ = 0.5. In the first two panels the quantum dynam-
ics does exhibit a Markovian behavior, corresponding to
a monotonic decrease of coherence, at variance with the
classical property. In the last panel, instead, one also has
quantum revivals corresponding to a non-Markovian be-
havior. As in Fig. 4 the blue dots represent the experi-
mental data and the red line the analytic solution, when
it exists. The green dashed line is the averaged non-
Markovianity and the shaded areas corresponds to 1σ and
2σ regions around the mean value.
8We keep track of time by encoding in the SLM
the different values of the processes at discretized
times with step of order 1 in inverse units of the
rate appearing in the stochastic differential equa-
tion characterizing the given process. As discussed
in Sec. II B, we consider the quantity D defined in
Eq. (4) as quantifier of the non-Markovian features
of the dynamics, which in particular fixes the behav-
ior of the coherences. In Fig. 4 we show the exper-
imental data referring to the quantum signature of
non-Markovianity for two classical Markovian pro-
cesses, namely Ornstein-Uhlenbeck D[{XOU(t)}]
and random telegraph noise D[{XRTN(t)}]. While
the former quantity is monotonically decreasing, the
latter clearly shows a damped oscillating behavior,
corresponding to a quantum non-Markovian behav-
ior. Note that both processes have a power spec-
trum of the form Eq. (13). While both processes are
classically Markovian, only Ornstein-Uhlenbeck is
Gaussian. The theoretical and numerical previsions
are in very good agreement with the experimental
data (see also the shaded regions in Fig. 5)
We further consider two non-standard classi-
cal processes obtained as solution of the stochas-
tic differential equations (5) and (6) respectively.
The process Y (t) is Gaussian but classically non-
Markovian. Despite these properties and the non
trivial power spectrum given by (13), as shown in
Fig. 5 the quantity D[{Y (t)}] is monotonically de-
creasing in time. Again the experimental points are
in agreement with the analytical estimate (11). In
the case of D[{Z(t)}], there exist values for the pa-
rameters that make revivals of the trace distance ap-
pear. We highlight again that the structured spec-
trum of both the Y (t) and Z(t) processes cannot be
directly connected to memory effects. For such non-
Gaussian process the experimental points are com-
pared to the results obtained via a numerical simu-
lation of the process, further allowing to obtain its
power spectrum shown in Fig. 1. Again the classi-
cal non-Markovianity of the process is not reflected
in the quantum signature.
VI. CONCLUSIONS AND OUTLOOK
We address the quantum non-Markovianity of a
single-qubit dephasing map in terms of the Marko-
vianity of the stochastic process generating the
noise. In particular, we considered four random pro-
cesses with different Gaussianity and Markovianity
traits. We showed that the Markovianity of the clas-
sical stochastic process does not affect the informa-
tion backflow to the system, i.e. classical lack of
Markovianity is not directly related to memory ef-
fects. However, we showed evidence that the non-
Gaussianity of the noise can be related with oscilla-
tions of the trace-distance.
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